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Fig. 7 Vector, density and Mach contours for jet deflector: M, = 2.2
and p,/p, =12, X /De = 3.

flow domain where the solution is smooth, but are “switch-off” in
the region of shock waves. A term involving second differences is
then “switch-on” to damp oscillations near the shock waves. This
switching is achieved by means of shock wave sensor, based on
the local second differences of pressure.

The numerical computations were done on Landmark 1860 base
work station with different grid sizes such as 150 x 40, 200 x 40
and 150 x 50.

Results and Discussion

The schlieren picture of the free jets at M, =2.2 and p,/p, = 1.2
is depicted in Fig. 2a. The schlieren picture shows most of the
flowfield features of the free jets, such as jet boundaries, expan-
sion waves, jet shock, Mach disk, reflected shocks, etc. The im-
pingement flowfield observed through the schlieren system. is
shown in Figs. 2b and 2c. The flowfield upstream of the cone
shock is somewhat similar to that of the free jets as can be seen
from the schlieren pictures. It can be seen from the schlieren pho-
tograph that the free jets Mach disk has been displaced upstream
by about 0.13De due to presence of the deflector at X /De = 2. A
weak compression region is observed close to deflector apex. Sev-
eral compression and expansion zones are observed downstream
of the deflector apex. The compression takes place due to the de-
flector curvature R, with an increase in distance, i.e., at X /De =3,
the jet deflector is now placed in the second shock cell of the free
jets. The flowfield has changed appreciably as compared to the
flowfield at X./De = 2. A stronger conical shock has appeared be-
cause the incoming jet flow has become supersonic before imping-
ing on the deflector wall.

Figure 3 shows the pressure variation along the jet axis for free
jets at M, = 2.2 and p,/p, = 1.2 and 0.8. The comparison between
the experimental and numerical results shows good agreement in
pressure distributions along the centerline of the free jets. Figure 4
displays the vector, density, and Mach contours plots for the un-
derexpanded free jet. The shock cells are also visible in the contour
plots. Thus, the over all flowfield features of the supersonic free
jets is very well captured by present numerical computations.

The static pressure distribution on the deflector surface is nondi-
mensionalized by the settling chamber pressure Pg. The location of
the static pressure port on the deflector surface is indicated as the
distance r measured from the model axis in the direction normal to
it; r is nondimensionalized by the nozzle exit diameter De. The
measured static pressure distributions over the jet deflector surface
are shown in Fig. §.

The pressure distribution at X./De = 2 is shown in Fig. 5a. The
stagnation point pressure has a value of 0.232. The static pressure
p/P, increases marginally to a pressure of 0.305 at »/De = 0.173.
Further, it starts to decrease to a minimum value of p/P, = 0.0308
at r/De = 0.681, which is below ambient pressure. The pressure
further increases due to deflector curvature, attains a peak value of
p/Py=0.1888 at r/De = 1.15, and subsequently falls due to mixing
with the ambient condition.

At X./De =3, the stagnation point pressure has a higher value of
p/Py = 0.44 as compared to X ./De = 2. The pressure falls rapidly to

r/De = 0.14 when a small pressure jump is observed, as seen in
Fig. 5b. Farther downstream the pressure attains a minimum value
of p/Py = 0.04 at r/De = 0.55. The pressure distribution beyond this
point is similar to the behavior at X /De = 2. It can be seen from
Fig. 5 that a comparison between experimental and numerical re-
sults shows good agreement.

Figures 6 and 7 depict vector, density, and Mach contour plots
over the jet deflector. The contours plots exhibit all of the essential
flowfield features like Mach disk, jet boundary, expansion and
compression waves, cone shock, etc. The comparison of the
schlieren pictures of the free jets and impinging jets reveals that
the impingement flowfield has similar characteristics of the free
jets up to the cone shock of the deflector’s apex. The density and
Mach contours of the free jets have somewhat similar flowfield
features as compared with the density and Mach contours of the
impinging flowfield. But the vector plots of the impinging free jets
differ appreciably from the impinging vector plots. The pressure
distributions above the deflector surface are useful for aerody-
namic and structural design.
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Solution of Keller’s Box Equations
for Direct and Inverse
Boundary-Layer Problems
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Introduction
HE difference equations that result from applying Keller’s
box scheme to the direct boundary-layer problem have tradi-
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tionally been solved by casting the matrix of coefficients into
block tridiagonal (BTD) form of 3 x 3 blocks. Then, use is made of
the block tridiagonal matrix inversion algorithm (BTDMIA).!

When applied to the inverse boundary-layer problem, the BTD
form is destroyed, since line unknowns such as the pressure intro-
duce additional columns. Although the Mechul function method!
of Cebeci and Keller makes it possible to recast the matrix into a
BTD form, the blocks are 4 x 4, which translates into considerable
increase in computational time and storage requirements. The bor-
dering algorithm of Chen and Cebeci’? maintains the 3 x 3 BTD
form but requires three inversion processes. A more efficient ap-
plication of the bordering technique is Williams’ eigenvalue
method,® which requires two inversion processes only on a 3 X 3
BTD matrix.

This Note presents a superior alternative to the BTDMIA as ap-
plied to both the direct and inverse boundary-layer problems.

Description of the Problem

Let Keller’s box scheme be applied on a grid of J + 1 points
across the boundary layer to an inverse problem involving # grid-
point unknowns and £ line unknowns. Given are m conditions at
one side of the layer to be marked with j = 0 and m’ conditions at
the other side that is to be marked with j=J (0<m’ < m<n).In
addition, k" multipoint conditions (k" > 0, m + m’ + kK’ = n + k) hold.

The resulting equations can be expressed in matrix form as

I'z=g 1

The vector of unknowns z is written as follows:

T
(X0 Yo X1 Y1+ Xjo1 Yjo1 Xj Vi oo Xpo1 Yy-1 X3 V5 @)

Its subvectors x; and y; (j = 0 — J) contain m and n—m of the jth
grid-point unknowns, respectively, whereas its subvector g con-
tains the k£ line unknowns. For more generality, z and its compo-
nents are enlarged to contain ¢ columns (£ = 1) corresponding to a
similar enlargement of the right-hand-side vector g.

The augmented matrix of coefficients I', = [T i £] has the form

Cy Dy Ey @ 8%
Ay By Cyy Dy Ey | gn
Ay le' fz_l _Dz_l ____________ 1_3_21_ Rt
Ayj By Ciy Dy Eyj | &
A2j sz C2j Dz; E2j gZJ

| | Asper Bajer Eipaii83r4a
’ ’ ’ ’ 4 ’
Ay Bl Ay Byt Ay By Ay Bl By 0 8L

Respectively, the submatrices named A, B, C, D, E, and g have m,
n—m, m, n—m, k, and ¢columns. The number of rows is indicated by
the leading subscript 1, 2, 3, or 4 to be n—m, m, m’, or k.

The first m rows of I", correspond to the (j = 0) conditions

CooXg+ Do+ Exg = &y 2

which are arranged so that Cy, is nonsingular. It is this requirement
that decides which grid-point unknowns are to be contained in the
subvectors named x.

Each of the J subsequent sets of n rows corresponds to Keller’s
finite difference representation having the form

-

Ayx; 1 +By; +Cyx+ Dy, +Eq

81 (3a)

Azjxj_l+szyj71+C2jxj+D2jyj+E2jq = &y; (3b)

of the boundary-layer equations over the jth box, starting from the
first that is adjacent to j = (. The arrangement of the n equations
within this form [Egs. (3a) and (3b)] is arbitrary, allowing for par-
tial pivoting.

The next set of m’” rows corresponds to the (j = J) conditions

Asp Xyt Byy o Y+ Es 14 = 83541 (4a)

The last £’ rows correspond to the multipoint conditions

7 7
2A4j+1xj+zB:tj+1yj+E:tq = g, (4b)

j=0 j=0

{ As an illustration, consider the problem described by Egs. (5—
7) of Ref. 2. There are three grid-point unknowns, &f, du, and &v,
and one line unknown, dw; i.e., n = 3 and k£ = 1. Having two sur-
face conditions, Eqs.2 (6a) and (6b), and two far-field conditions,
Eqs.2 (6¢) and (7), means that m = m’ =2 and ¥’ = 0, and that j =0
can be assigned to either the surface or a far-field position. Let the
former alternative be adopted and the vectors x; = [8]3 Suj]T, Y=
[6v;], and g = [6w] be formed. Then, Eqs.? (6a) and (6b) give

Cy = Ll)ﬂ (nonsingular), D, = E,, = g,, = m

whereas Eqs.? (5c), (5a), and (5b) give, for j = 1 — J, and with 9;
= j—1/2,

Alj = [(s4)j(s6)j]’ B]j = [(sz)j]a Clj = [(53)j(ss)j]

D1j = [(S6)j]’ Elj

[(S7)j], 81; = [(rz)j]

-1 -0, 0 1-9.

Ay = [0 —-lj:l, B,; = Dzj = Le], G, = L) 1’}
(ry);

E2j‘ = 0 , g2j = vy

0 ),

and, finally, Egs.? (6c) and (7) give

01 0 -1 0
Agjq = LI 0} By = Lj’ Eyn = l:yj’ 83741 = i:(r3)J
with no A, B; ;» 4, or g} to define. }

Solution Procedure
We introduce recurrence relations of the form

Yiaa =yj—1_?j*1yj—yj—lq Jj=1-7J (5a)
x=%-Xy,-%X,q j=0-J (5b)
where the ~, 7, and ~ components of ¥j-1 and x; have € n—m, and k

columns, respectively.
Comparison of the (j = 0) level of Eq. (5b) with Eq. (2) gives

Cy % 5(0 XO] = [820 Dy Eyl ©)
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Use of the (j—1) level of Eq. (5b) to eliminate x;_; from Eqgs.
(3a) and (3b) and then comparison with Egs. (5a) and (5b) gives,
forj=1-J,

By; Cy; )_’j-ij—lf/j—l _ |81 Dy By %)

By Gl % X X 82; Dy Ej

where, fori=1, 2,

8y = &~ Ay%; (82)
By =B,-AX, (8b)
Eij = E” A,’ij—l (80)

Use of the (j = J) level of Eq. (5b) to eliminate x; from Eq. (4a)
and successive use of Eq. (5b) to eliminate x; and then Eq. (5a) to
eliminate y; (for all possible j = 0 — J) from Eg. (4b) give

E31+1 E3J+1 {)’{} = |:gsj+1} ©)
E4J+1E4J+1 q] = (84141

where g, l},-H wand E;;, 1 (i =3, 4) are given by Egs. (8a-8c).
For i = 4, this requires prior evaluationof g,,, |, B,;, ,and E,; |
from the following successive calculations:

841= 84 8aju1 = Baj—Baj¥; 4
By = B;17B4j+1 = B, —ByY; 1) = 1=J (10)

4j+1

Ey=EyEy, = Ey-By¥;

where 2, » B,j, and E4 ;= 1-J) are given by Egs. (82-8¢).

The solution procedure can be implemented in two FORTRAN-
DO-LOOPs. Its steps, now that all pertinent relations have been
laid down, are enumerated as follows: )

1) Solve Eq. (6) to get X,, Xo, and X, and assign to g,,, s
B,;. and E,;  their initial values given by the left members of
Egs. (10). .

2) Inthe jth step (j = 1—J) of the first LOOP: a) evaluate g, By;,
and Ej, for i = 1, 2, 4 using Egs. (8a—8c); b) solve Eq. (7 to
get ¥, 1 Y, .Yy, X, X;and X;; and then c) update g,;
B,,,,and E; , using the right members of Eqgs. (10).

3) Evaluate g,,, |, Biy+1, and E;; . fori=3, 4 using Egs. (8a—
8c) and then solve Eq. (9) to get y; and g.

4) In the jth step (j = J—1) of the second LOOP, calculate y;_;
and x; using Egs. (52) and (5b).

5) Use the (j = 0) level of Eq. (5b) to calculate x;.

Per grid point (i.e., for j = 1), the following operation counts
and storage needs are observed: withu=¢+n-m+k(=L+m' +
Kyandyw =e+m+k (=t+n—m'+k). Steps 2a, 2¢, and 4, respec-
tively, involve (n + K )mu, k¥ (n — m)Y, and n(u— Hemultiplications
(mul) and a similar number of additions (add); totaling r(up’— £%)
(mul, add); whereas step 2b involves [ solutions (sol) of # X n ma-
trix equation. Only, the ~, 7, and " components of x; and y;_; need
to be stored, requiring n locations (loc).

The method defines a decomposition of the coefficients matrix I"
of the form I'" = LU, so that the solution procedure can be divided
into two sweeps. In the forward sweep, we solve, for

2= %) 5, X)) Gy XDy %) G5, DI

the equation Lz = g, where L is the matrix

| A3]+1B31+1 E3J+1

S i} T
[Au BayyAsj BajiAy; By Ay Basey Eap |

In the backward sweep, we solve, for z, the equation Uz = z,
where U is the unit upper triangular matrix

L pu

with the subscript of the identity matrix / defining its order.

The procedure for the direct boundary-layer problem follows as
the special case when &k = 0. To obtain its description, drop all
mention of g, E, and symbols marked with ~, and then modify
Egs. (1-10) and the matrices L and U, accordingly. In particular,
Egs. (5a) and (5b), which define the algorithm, become

Yioa =YYy, j=1-J (11a)
Jj=0—J (11b)

The method, in this case, is a reorganization of Wornom’s method*
that leads to a nonsingular C,, and, thus, avoids the special treat-
ment adopted by Wornom to start his solution process.

Conclusion and Assessment

The algorithm introduces a non-bordering strategy that makes
solution methods for the direct problem applicable to the inverse
problem, as is. A term involving the subvector g of line unknowns
is appended to the recurrence relations that define the method.
[Compare Eqs.(5) with Egs. (11).] In contrast, the bordering strat-
egy reduces the inverse problem to a direct problem with several
right-hand sides. Equation (1) is put in the partitioned form

‘ir‘_ E_:| l:z_:| i |:g_:|
I's Esl|q 8s
where the subscript 5 denotes k-row submartrices. Solution by
bordering amounts to solving the direct problem I'_ [3 ! 7l =
[E. £]3 and g, then solving (Es—I53) g = (g5-Ts 3) for ¢, and,

finally, evaluating z_ from z_ = 3—34. (An extra LOOP is needed
for this evaluation, unless X" = 0 when it can be averted.)
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Table1 Storage needs and operation counts
Algorithm: BTDMIA Present
Bordering: Without With Without With
(loc) n()W +n 2 When k > ¥ add: e When & > k' add:
(mul, add) n(},l.u ~L%) n(k-k) (n—m\ n(up’—2 2) n (k—k') (n-m)
(sol) k—k n
LOOPs 2 3 2 3

To assess the present algorithm as compared with the BTD-
MIA, we give, in Table 1, their storage needs and operation
counts per grid point, when both are applied, without and with
bordering, to the inverse boundary-layer problem described ear-
lier. For fair comparison when m > m’, the two methods should
operate in opposite directions. The forward sweep of the present
algorithm is to be carried out starting from the side with m condi-
tions, whereas its counterpart of the most efficient form® of the
BTDMIA is to be carried out starting from the other side.

The conclusion is twofold: non-bordering is superior to border-
ing. The present algorithm is more efficient than the BTDMIA.

References

"Bradshaw, P., Cebeci, T., and Whitelaw, J. H., Engineering Calculation
Methods for Turbulent Flows, Academic Press, New York, 1981.

2Chen, H. H., and Cebeci, T., “Bordering Algorithm for Solution of
Boundary-Layer Equations in Inverse Mode,” AIAA Journal, Vol. 29, No.
12, 1991, pp. 2257~2259.

3Cebeci, T., Keller, H. B., and Williams, P. G., “Separating Boundary-
Layer Flow Calculations,” Journal of Computational Physics, Vol. 31,
1979, pp. 363-378.

“Wornom, S. F., “A Fourth-Order Box Method for Solving the Bound-
ary-Layer Equations,” NASA TM X-74000, Jan. 1977.

SKeller, H. B., “Accurate Difference Methods for Nonlinear Two-Point
Boundary Value Problems,” SIAM Journal of Numerical Analysis, Vol. 11,
No. 2, 1974, pp. 305-320.

Derivation of a Modified Hybrid
Approximation

Thomas M. Harms,* Theodor W. von Backstrom,}
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I. Introduction

ONTROL volume interface interpolation schemes can be

classified as to whether they are local grid- or streamline ori-
entated and whether they are algebraically or physically based.
The hybrid scheme described by Spalding! is an example of a grid-
line-orientated physically based scheme. The exponential coeffi-
cient function resulting from the analytic solution of a one-dimen-
sional homogeneous convection-diffusion equation, i.e.,

A(Pe) = Pe/(efe ~ 1) )

with Pe the Péclet number, is approximated through its asymp-
totes, resulting in

A(Pe) = max(—Pe, 1.0 - Pe/2.0, 0.0) 2)
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Both Egs. (1) and (2) result in upwinding at high Péclet numbers,
which is inadequate in terms of accuracy in multidimensional situ-
ations due to the inherent artificial diffusion as pointed out by Pul-
liam.? Algebraic grid-aligned interpolation addresses this problem
through higher order interpolation schemes, e.g., central differenc-
ing used by Peric’,? quadratic upwinding described by Leonard and
Mokhtari,? or other variations employed by Shyy et al.> With re-
gard to physically based interpolation schemes the remedy has
been the employment of the solution of a nonhomogeneous con-
vection-diffusion equation, i.e.,

aaE_'(PMl) v ﬁ) &)

in both flow-aligned and grid-aligned schemes. Examples can be
found in the work of Raithby® and in particular control volume fi-
nite element schemes such as described by Baliga and Patankar,’
Prakash,® and Schneider and Raw.® Furthermore, the function S
not only provides the opportunity to account for multidimensional
effects but also provides a velocity-pressure coupling allowing the
use of nonstaggered grids. This was previously shown by Prakash®
for flow-aligned interpolation and Thiart!® for grid-aligned inter-
polation. It is the physically based analog to the methods of Baliga
and Patankar’ or Rhie and Chow,!! which are based on central dif-
ference velocity interpolation.

Harms et al.!? previously showed on the basis of orthogonal
grids that in the context of Eq. (3) streamline-orientated interpola-
tion with parabolic interface flux integration represents an unnec-
essary complication with regard to accuracy. Although physical in-
terpolation is realistically attractive, it is at best second order when
based on integration that assumes constant properties over surfaces
and volumes. It is, on the other hand, computationally expensive
and associated with instability as reported by Huang et al.1* In this
Note we wish to address the issue of computational expense by ex-
amining two alternatives to obtain and deal with coefficient and
other exponential weighting functions arising out of the applica-
tion of Eq. (3).

II. Derivation

Schneider and Raw® proposed to obtain an interface value in the
following manner: pu and T are assumed constant in the space & (0
to L) between two nodes and known from a previous iteration. The
first derivative on the left of Eq. (3) is then discretized as an up-
wind difference, the second derivative as a central difference, and
the source term S (at first S; = S; = S) in any appropriate manner
(e.g., a pressure gradient in the interpolation direction would fol-
low from the adjacent nodal pressure difference and cross fluxes
and other source terms from arithmetic averages of terms dis-
cretized at the two adjacent nodes'?). For a noncentralized in-
terface (a = /L) and positive or negative interface velocity, the
result is

aq) _ r ¢aL ¢0 ¢L ¢
pua— = Z[max(O,Pe)T—max( Pe, 0) - )L:[
)
2 — —
FZ)—L; - Faq)L O+ (12 a) ¢, )
ot a(l—a) (L*/2)

for 0 < a < 1 and Pe = pu, L/T. Substituting Eqs. (4) and (5) into
Eq. (3) results in

Ou = ¥+ 7 [max (~Pe, 0) +2] (9, )

2
+If—ra(1—a)S 6)



